We prove that an n-dimensional, n ≥ 4, compact gradient shrinking Ricci soliton satisfying a L n 2 -pinching condition is isometric to a quotient of the round S n , which improves the rigidity theorem given by G. Catino [5] 
Introduction
In this paper we investigate compact gradient shrinking Ricci solitons satisfying a L n 2 -pinching condition. Let us recall the concept of Ricci solitons, which was introduced by Hamilton [8] in mid 80's. Let (M n , g) be an ndimensional, complete, connected Riemannian manifold. A Ricci soliton is a Riemannian metric together with a vector field (M n , g, X) that satisfies
for some constant λ. It is called shrinking, steady or expanding Ricci soliton depending on whether λ > 0, λ = 0 or λ < 0 respectively. If there is a smooth function f on M such that X = ∇f , then the equation (1) can be written as Ric + ∇ 2 f = λg.
This case is called a gradient (Ricci) soliton. Both equations (1) and (2) can be considered as perturbations of the Einstein equation
and reduce to this latter case if X or ∇f are Killing vector fields. When X = 0 or f is constant, we call the underlying Einstein manifold a trivial Ricci soliton. Ricci solitons are an important object in the study of the Ricci flow, since they are self-similar solutions of the flow. They also serve as model cases of various Harnack inequalities for the Ricci flow, which become equalities when the flow consists of Ricci solitons. From the seminal work of Hamilton [8] and Perelman's result [17] that any compact Ricci soliton is necessarily a gradient soliton, it is to see that any compact steady or expanding Ricci soliton must be Einstein [6] . So the classification of complete gradient shrinking solitons plays important roles in the study of the Ricci flow [4] . In dimension three, T. Ivey [13] proved that the only compact shrinking Ricci solitons are quotients of S 3 with its standard metric. Dimension four is the lowest dimension where there are interesting examples of shrinking Ricci solitons.
According to the decomposition of the Riemannian curvature tensor, for n ≥ 3, a locally conformally flat manifold has constant sectional curvature if and only it is Einstein. As a consequence, it follows from the H. Hopf classification theorem that the space forms are isometric to the only complete, simply connected, locally conformally flat, Einstein manifolds. 3-dimensional connected Einstein manifolds are constant curvature spaces. Two isolation theorems of Weyl curvature tensor of positive Einstein manifolds are given in [9, 12] , when its L n 2 -norm is small. The curvature pinching phenomenon plays an important role in global differential geometry. We are interested in L p pinching problems for compact gradient shrinking Ricci solitons. Now we introduce the definition of the Yamabe constant. Given a compact Riemannian n-manifold M, we consider the Yamabe functional
It follows that Q g is bounded below by Hölder inequality. We set
This constant µ([g]) is an invariant of the conformal class of (M, g), called the Yamabe constant. The important works of Schoen, Trudinger and Yamabe showed that the infimum in the above is always achieved (see [1, 15] ). There exists an
So, the conformal metricg = f 
The Yamabe constant of a given compact manifold is determined by the sign of scalar curvature [1] .
In this note, we obtain the following rigidity theorems.
where the constant C(n) is defined in Lemma 2.1, then M is isometric to a quotient of the round S n .
then M is isometric to a quotient of the round S n .
Remark 1.3. Theorem 1.1 has been proved in [7] . It is easy to see from Corollary 1.2 that the pinching constant is better than the one due to [5, 9, 12] . Theorem 1.1 improves the isolation theorems given by [5, 9, 12, 18] .
. Then (M n , g) is isometric to a quotient of the round S n .
Remark 1.5. Integrating equation (15), by the definition of µ([g]), we have
A routine computation gives rise to
Hence the integral curvature condition in Theorem 1.4, which holds in every dimension n ≥ 4, is weaker than the corresponding condition in Theorem 1.4 of [5] , holds in every dimension 4 ≤ n ≤ 6. We observe that this result apply also to complete (possibly non-compact) gradient shrinking Ricci solitons with positive sectional curvature, since Munteanu and Wang in [16] recently showed that these conditions force the manifold to be compact.
Proof of Theorem 1.1
In what follows, we adopt, without further comment, the moving frame notation with respect to a chosen local orthonormal frame.
Let M be a complete Einstein n-manifold. The decomposition of the Riemannian curvature tensor into irreducible components yield
where R ijkl , W ijkl and R ij denote the components of Rm, the Weyl curvature tensor W and the Ricci tensor Ric , respectively, and S is the scalar curvature. Now, we compute the Laplacian of |W | 2 .
Lemma 2.1. Let M be a complete Einstein n-manifold with scalar curvature S. Then
where
, n = 4
, n = 5 4(n 2 +n−4)
, n ≥ 6. Remark 2.2. Lemma 2.1 has been proved in [5, 7] . This estimate is stronger than the one obtained in [5, 7] .
Proof. By the Ricci identities, we obtain
Case 1. When n = 4, it was proved in [10] that
Case 2. When n = 5, Jack and Parker [14] have proved that W ijkl W hmij W klhm = 4W ijlk W jhkm W himl . We consider W as a self adjoint operator on ∧ 2 V . Thus by the algebraic inequality for m-trace-free symmetric two-tensors T , i.e.,
|T | 3 , we obtain
Case 3. When n ≥ 6, considering W as a self adjoint operator on S 2 V , we have
From (6) and Cases 1,2 and 3, we complete the proof of this Lemma.
By the Kato inequality |∇W |
|∇|W || 2 (see [2] ) and (5), we obtain
Let u = |W |. Using (6), we compute
where α is a positive constant.
Proof of Theorem 1. 
Setting w = u α , we can rewrite (9) as
By (10), we obtain
where β is a positive constant. Integrating by parts over M, we get
By the Hölder inequality and (12), we have
Set
and ǫ = 2S C(n)n . Combining (3) with (13), we get
We choose M |W |
n 2p 2S C(n)n such that (14) implies M w 2nβ n−2 n−2 n = 0, that is, W = 0, i.e., M is Einstein manifold and locally conformally flat manifold. Hence M is isometric to a quotient of the round S n .
Proof of Theorem 1.4
First, we recall the following well known formulas (for the proof see [9] ).
Lemma 3.1. Let (M n , g) be a gradient Ricci solitons, then the following formulas hold,
where the △ f denotes the f -Laplacian, △ f = △ − ∇ ∇f .
Integrating equation (15) , one has nλ = M S V ol(g) ≥ S min . When S gets its minimum, from (16), we get
This relation, by the strong maximum principle, implies that if S is nonconstant, then it must be positive everywhere, hence λ and µ([g]) are positive.
Proof of Theorem 1.4. A simple computation shows the following equation for the f -Laplacian of the squared norm of the treceless Ricci tensor.
Using Kato inequality, i.e., |∇|Ric|| 2 ≤ |∇Ric| 2 at every point where |Ric| = 0, we have
Set u = |Ric|. By (19) and Proposition 2.1 in [5] , we compute
Integrating by parts over M n and using equation (15) Since W is totally trace-free, one has |W + √ 2 √ n(n − 2)R ic g| 2 = |W | 2 + 8 n(n − 2) |Ric| 2 and the pinching condition (4) implies that (M n , g) is Einstein. We assume that W does not vanish identically. Hence the Einstein metric g is a Yamabe metric in the conformal class [g], i.e., Hence, the pinching condition (4) implies
It is sufficient to observe that the pinching constant in (23) is strictly smaller than the one in Corollary 1.2. This completes the proof of Theorem 1.4.
